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Combining a transfer matrix analysis and slowly varying envelope approximation, we propose a simple
method to describe steady states associated with dispersive multistability in coupled microring resonators. This
approach allows us to consider nonlinear interactions between independent forward and backward propagative
fields. We applied this simple formalism first to decrease the tristability intensity threshold in linearly coupled
resonators and second to optically control the tristable behavior in a single microring resonator.
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I. INTRODUCTION

Nonlinear optical devices are key elements for implemen-
tation of ultrafast all-optical signal processing. Microcavities
�spheres, disks, rings, and tori� and their associated whisper-
ing gallery modes �WGM’s� have been well studied in the
past few years and are attractive elements for integration of
low-threshold nonlinear devices �1�. Recently, Ibrahim et al.
�2� have demonstrated all-optical switching in microring
resonator using the third-order nonlinearity associated with
two photon absorption of III-V semiconductor compounds.
In this context, dispersive bistability or tristability in micror-
ings can be used to obtain elementary functions such as logi-
cal gate, optical switch, or optical memory �3�. Especially
tristable devices could be used as building blocks for imple-
mentation of ternary optical logic. Stationary behavior of
nonresonant multistable optical resonators has been already
well studied �4,5�. It is well established that in a single reso-
nator dispersive tristability stems from two resonances sepa-
rated by one free spectral range �FSR�. Consequently the
amount of nonlinear phase shift necessary to reach optical
tristability is strongly dependent on the FSR. Due to their
low dimensions, the FSR of microcavities is very large and
the power required to reach tristability can be very high in
this kind of resonators. The aim of this paper is first to pro-
pose a very simple way to describe nonlinear interactions
between two independent forward and backward fields in
coupled microrings and second to study conditions to obtain
optical tristability in order to reduce its intensity threshold.

Stability in one ring with instantaneous Kerr effect and
two linked counterpropagative fields �Sagnac effect� has
been studied extensively �6,7�, like multistability in a multi-
layered medium or coupled resonators �8,9�. We focus here
on a simple method describing third-order instantaneous
nonlinear effects in coupled microring resonators. We com-
bine the 4�4 matrix analysis developed by Poon et al. �10�
with a nonlinear slowly varying envelope approximation
�SVEA�. This 4�4 description coming from the particular
geometry of ring resonators allows us to consider forward
and backward independent nonlinearly coupled fields. In

Sec. II, we describe the method used to calculate nonlinear
propagation in microrings. In the first part of Sec. III, we
start by giving conditions for tristability in a single micror-
ing. We then study the different regimes of tristability of two
coupled microrings and compare their tristability intensity
threshold with the single microring configuration. Section IV
is devoted to optically control the tristable regime of a mi-
croring benefitting from the “four-port” configuration. Tak-
ing into account potential applications of these devices in
ultrafast all-optical signal processing, we deliberately chose
for our examples structures with moderate quality factors
�Q�6.5�103�. Indeed, high Q factors lead to non-
negligible transient regimes with characteristic durations
higher than the cavity lifetime �11,12�. Moreover, in this pa-
per we studied steady states associated with dispersive mul-
tistability in polymer microrings and practical coupled-
microring devices that are being manufactured already have
Q factors of approximately 104 for polymers.

II. MODEL

We consider a finite chain of N coupled nonlinear micror-
ing resonators side coupled with two straight waveguides
�see Fig. 1�. We assume that waveguides and resonators are
single-mode, and therefore the electric field can be repre-
sented by its modal envelope everywhere in the structure. We
have chosen a notation slightly different from that of Poon et
al. �10� as we separate directly both contributions for for-
ward and backward propagating waves. If the input field is
a0� �or c0��, the output field is always bN+1 �respectively, dN+1�
for a number N �even or odd� of rings. Reciprocally an input
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FIG. 1. N microring resonators waveguide side coupled with
instantaneous Kerr nonlinearity. For each resonator, forward and
backward propagating field envelopes are represented.
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field aN+1 is associated with an output field b0� �respectively,
cN+1 to d0��.

A. Coupling between adjacent resonators

For a given microring the electric field is characterized by
eight field values. Then, it is possible to define a vector xi
containing theses values in the left part of the resonator and
a vector xi� for the right part. These vectors for a one-
frequency component are given by

xi = �
ai

bi

ci

di

�, xi� = �
ai�

bi�

ci�

di�
� . �1�

The coupling between two adjacent resonators is given by
the two following matrix relations �13�:

� bi�

bi+1
	 = Ci+1� ai�

ai+1
	, � di�

di+1
	 = Ci+1� ci�

ci+1
	 . �2�

Taking into account an asymmetric coupling with losses Ci+1
can be written as

Ci+1 = � ti� �i

− �i�
* ti

* 	, i � 
0, . . . ,N� . �3�

Thus we can link xi� to xi+1 using a 4�4 invertible matrix
Pi+1:

xi� = Pi+1xi+1, Pi+1 = �Pi+1 0

0 Pi+1
	 , �4�

with

Pi+1 =
1

�i�
*� ti

* − 1

�i�i�
* + ti

*ti� − ti�
	 . �5�

As demonstrated by linear and nonlinear finite-difference
time domain simulations in previous papers �12,14�, the cou-
pling by the optical tunnel effect between waveguides and
microrings is not resonant and almost independent on non-
linear phase shift. In the following subsection devoted to
nonlinear propagation we assume a linear and local coupling
between waveguides and microrings.

B. Nonlinear propagation

We call s the curvilinear abscise along one ring �s
� �0,2Li�, where Li is the half perimeter of the ith micror-
ing�. The total field is the sum of two forward- and
backward-propagating fields Fi�s� and Bi�s� �see Fig. 2�. The
ith nonlinear microring is constituted by an instantaneous,
dispersive, local, Kerr material with nonlinear refractive in-
dex N2,i. By introducing �i, the propagation constant, and its
real part Re��i�, it is possible to obtain in the SVEA and
related approximations �i.e., omission of the nonlinearities in
the boundary conditions, of third-order harmonics genera-
tion, of the second derivatives and products of first deriva-

tives appearing in the nonlinear wave equation� the differen-
tial equations verified by Fi and Bi �6�:

dFi

ds
= − j

Re��i�N2,i�0c

2
��Fi�2 + 2�Bi�2�Fi − j�iFi,

dBi

ds
= j

Re��i�N2,i�0c

2
��Bi�2 + 2�Fi�2�Bi + j�iBi. �6�

�i is linked to the refractive index ni, the intensity propaga-
tion losses �i, and the working wavelength � by

�i = 2�ni/� + j�i/2. �7�

The nonlinear propagation along the resonators couples for-
ward and backward propagating fields and the interferences
of those fields cause grating based effects. Integrating these
two equations along the ith resonator and using the boundary
conditions Fi�0�=bi, Bi�0�=ci, Fi�Li

−�=ai�, Bi�Li
−�=di�,

Fi�Li
+�=bi�, Bi�Li

+�=ci�, Fi�2Li
−�=ai, and Bi�2Li

−�=di we find

ai = bi� exp�− j�iLi�exp�− j	i�2�ci��
2/Ai + �bi��

2�� ,

bi = ai� exp�j�iLi�exp�j	i��ai��
2/Ai + 2�di��

2�� ,

ci = di� exp�− j�iLi�exp�− j	i�2�ai��
2/Ai + �di��

2�� ,

di = ci� exp�j�iLi�exp�j	i��ci��
2/Ai + 2�bi��

2�� . �8�

Ai=exp��iLi� and 	i characterize the nonlinear effective
properties of the resonator:

	i =
�N2,i�0cni

�

Ai − 1

�i
. �9�

Note that it is possible to obtain xi as a function of xi� because
nonlinear effects do not affect the amplitude of the field en-
velope and therefore �ai��

2=Ai�bi�2 and �ci��
2=Ai�di�2. Using

Eqs. �4� and �8� we link xi+1 and xi. After N+1 iterations
we can calculate the value of x0� knowing the value of xN+1
and taking into account the nonlinear coupling between for-
ward and backward propagating fields. If we consider only
one input a0�, xN+1 has only one nonzero component bN+1.
Consequently, we can apply the so-called “dummy-variable
technique” �9� which allows us to solve the problem analyti-
cally. We obtain the field values xN+1 and x0� as a function of

FIG. 2. Propagation along the ith microring. Li is its half perim-
eter and s the curvilinear abscise. Fi is the forward-propagating field
and Bi the backward one.
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the single parameter bN+1. This is why we have chosen to
calculate x0� as a function of xN+1.

III. REDUCTION OF THE TRISTABILITY THRESHOLD

We first apply this calculation scheme to the reduction of
optical tristabilitythreshold. As in the previous paper �12�,
the resonators will be made with the same third-order non-
linear polymer material; consequently, all the refractive indi-
ces are taken equal to 1.6. In the following examples we will
consider that the coupling is symmetric and lossless. Conse-
quently we have ti= ti� �real number in the following�,
�i=�i�, and �ti�2+ ��i�2=1. Furthermore, we consider a nonlin-
ear index N2 with a negative value and �i=0. Our method is
based on the SVEA and the related approximations, in all
calculations, except for the upper limit of the second bistable
cycle in Sec. III A, and for extrema values of coupling coef-
ficients in Sec. III B, the input intensities and the resonator
lengths allow the two conditions discussed by Danckaert et
al. �9� �i.e., �	i��ai�2 and �	i��di�2
�iLi and Li�� /ni� to be
fulfilled.

A. Tristability in single microring

We first consider the simplest case of a single resonator
with one input field a0� in a symmetrical dual-coupling con-
figuration. This configuration can lead to bistability �5,12�
and multistability for high input power like a Fabry-Perot
interferometer filled with a Kerr medium �4�. We define
Iin= 1

2�0cn0�a0��
2 as the input intensity and Id= 1

2�0cn2�b2�2 as
the output intensity on the drop port. Figure 3 represents the
transmission Id / Iin of the structure in the linear regime. �0 is
a resonance circular frequency, and =�−�0 is the detuning
between the working angular frequency �=2�c /� and �0.
We also define the free spectral range FSR=�c / �n1L1�, the
full width at half maximum �� of the linear resonances, and
the finesse as F=FSR /�� of the microring. For a detuning
�B with

B =
FSR

3

2F
, �10�

one can observe hysteretic cycles associated with cavity
resonances spectrally separated by a free spectral range �5�.

FIG. 3. Single microring �radius R=30 �m
with �0=�1=0.3j� transmission as a function of
detuning . The straight line corresponds to
graphical determination of T. This line has ex-
actly three intersections with the linear transmis-
sion spectrum and gives the minimal value of  to
obtain tristability.

FIG. 4. Q factor �straight line� and T �open
circles� as functions of coupling coefficients �0

=�1 in the case of a single resonator �R
=30 �m� and a forward-propagating field. The
inset shows the direct correspondence between F
and T.
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Figure 3 shows a typical feature of two cavity resonances
with a moderate finesse �F�33�. For each resonance, the
associated hysteretic cycle �bistable� is limited by incident
intensities I�

+ and I�
− �switch intensities for resonance or cycle

��. They correspond respectively to turn-on and turn-off
fields and give us the extension of the instable branches de-
fined by dId /dIin�0 �7�. If we consider the standard graphi-
cal determination method �4� developed to study nonlinear
Fabry-Perot �see Fig. 3� and assume the high-finesse ap-
proximation, we easily determine the minimal value T of the
detuning which corresponds to the condition I1

+= I2
−:

T =
FSR

23 2F2�3 +
1

23 2F2� . �11�

�T leads to switch intensities such as I2
−� I1

+, and one can
observe the overlapping of two bistable cycles. This overlap-
ping produces a tristable region. To check relation �11�, using
the model described in Sec. II and varying coupling coeffi-
cients �0=�1, we numerically evaluate the minimal detuning
T �Fig. 4� as well as the quality factor Q=�0 /�� associated
with the device, evaluated using

Q =
��0

FSR

1 − ��0�2

��0�2
. �12�

Note that we fixed the size of the microring, L1=�R
�R=30 �m�, and the resonant wavelength to �0�1540 nm.
We represent in the inset of Fig. 4 the minimal detuning T as
a function of the finesse. Open circles are calculated numeri-
cally and the straight line is deduced from Eq. �11�. The
superposition of the two curves validates the analytical ap-
proach.

Figure 5 represents the switch intensities I�
± with �

� 
1,2� as a function of the coupling coefficient for a detun-
ing =1.45T. With this detuning choice we always observe
tristability because I2

−� I1
+.

As an example, we consider the case of one resonator
with �0=�1=0.3j. Taking into account the value of L1 this
leads to quality factor Q=6.5�103. Figure 6 shows the

transmission Id / Iin as a function of the normalized input in-
tensity �N2�Iin for this single resonator and =1.45T. The
area between I2

− and I1
+ shows three stable branches �verifying

dId /dIin�0; see Ref. �7�� and can lead to tristability. In this
example, tristability is reached for normalized input intensity
�N2�Iin greater than 0.2 which corresponds to internal normal-
ized intensity �N2�Icav�2.2. This intensity not only invali-
dates the SVEA, but material breakdown would also occur
with such large refractive index changes. Nevertheless, the
results are still qualitatively valid. Note first that the value of
I1

+ is always compatible with the SVEA and so approxima-
tions used to establish Eq. �11� are valid. Second, increasing
the Q factor �i.e., decreasing ��0�� leads to an increase in the
turn-on intensity I2

+ which corresponds to tristability thresh-
old �see Fig. 5�.

FIG. 5. Switch intensities as a function of the
coupling coefficient ��0� for �T. The vertical
and horizontal dotted lines give I1

+ in the case
�0=�1=0.3j.

FIG. 6. Transmission as a function of normalized input intensity
in the case of a single resonator �mean radius R=30 �m with
�0=�1=0.3j� and a forward-propagating field. Dashed and solid
vertical lines are the limits of the two bistable cycles.
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B. Tristability in two coupled microrings

The coupling between two identical microrings in a
dual symmetrical coupling configuration with input and
output straight waveguides is now considered. In this case
Iin= 1

2�0cn0�a0��
2 and Id= 1

2�0cn3�b3�2. The coupling between
two resonators can induce a resonant frequency splitting �15�
�s�FSR. This feature is expected to reduce the tristability
associated with these multipeaks. The value of �s is strongly
dependent on the value of the coupling coefficient between
the two rings �1. Consequently the tristable behavior of the
structure will also depend on this parameter. In order to di-
rectly compare this configuration with the former in terms of
the Q factor and nonlinear interaction length we have chosen
�0=�2=0.3j and L1=L2=�R /2. Figure 7 shows the linear
response for a moderate coupling coefficient between the
two rings ��1=0.36j�. To study the tristability, the same ab-
solute detuning =�−�1=1.45T where T is defined for a
single ring with L1=�R as in the first example is considered
here. For a weak coupling ��1��0.1 there is no or a too small
splitting �maximal flatness response occurs for �1�0.05j�,

and in the best case, tristability due to overlapping of bistable
cycles associated with resonances separated by a quasi-FSR
�� twice than in the first case� can be reached. The domain
of interest corresponds to higher ��1� values. Figure 8 pre-
sents a numerical evaluation of the switch intensities as a
function of ��1�. Considering the switch intensities I�

±

��� 
1,2�� we can distinguish three different regimes. With
0.1� ��1��0.3 �regime I� the bistable cycle overlapping is
favored and the tristability threshold �I2

+� decreases. In re-
gime II �0.3� ��1��0.41� we obtain I2

+� I1
+ and I2

+ decreases
with ��1�. This leads to a strongly modified hysteretic cycle
�one bistable cycle included in another�, and tristability is
reachable as soon as bistability occurs. For the extremum
value ��1�=0.41, the linear transmission presents a large
splitting and low values between the split resonances. Con-
sequently the system can be assumed as a single resonator
with a double-resonance periodicity. The bistable cycle asso-
ciated with resonators coupling �regime II� disappears. In
regime III ���1��0.41� we obtain an overlapping regime due
to a too large splitting and a higher-order cycle; I2

+ and I2
− are

extensions of I3
+ and I3

− in regime II. Values obtained for

FIG. 7. Linear transmission in the case
of two resonators �mean radii R /2=15 �m with
�0=�2=0.3j� and a forward-propagating field.
�1=0.36j is the coupling coefficient between the
two microrings.

FIG. 8. Switch intensities as a function of the
coupling coefficient ��1� for �T. Solid lines
correspond to I2

± and open circles to I1
±. The gray

area represents the range of �1 where I2
+� I1

+.
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��1�=1 are similar to those obtained with a single microring
�Fig. 6�. Figure 9 shows the output port �associated with b3�
transmission as a function of input intensity, with in this case
�1=0.36j. This leads to a normalized tristability threshold
intensity lower than 0.002 ��N2�Icav�0.022�.

For the same configuration ��0=�2=0.3j�, to consider a
detuning such as B��T leads to tristability with lower
switch intensities for lower ��1� values �Fig. 10�. This occur-
rence is detrimental to the tristability domain extension. For
large ��1� values the tristability disappears �no overlapping in
regime IV�. As a general comment we can note that contrary
to tristability in single microring �Sec. III A�, if we increase
the Q factor and choose a related detuning, we can always
decrease the bistability and consequently the tristability
threshold.

IV. OPTICAL CONTROL OF TRISTABILITY

In Sec. III B we consider a linear coupling between two
nonlinear microrings covered by a forward-propagating field.
The symmetrical dual-coupling configuration allows us to

take the nonlinear coupling between a microring covered by
a forward-propagating field and the same microring covered
by a backward-propagating field into consideration. The case
of both a forward-propagating input a0� and a backward-
propagating control beam cN+1 is obtained by a shooting rou-
tine. We fix the value of cN+1 and aN+1=0, we vary bN+1, and
we numerically optimize the value of dN+1 in order to obtain
c0�=0. Consequently it is possible to obtain all the field am-
plitudes as a function of the fixed parameter cN+1 and the
varying parameter bN+1. Here we can benefit from the four-
value vector associated with the sole nonlinear coupling be-
tween forward- and backward-propagating fields. This al-
lows us to identify input and output amplitudes whereas the
2�2 transfer matrix approach as in Fabry-Perot or multilay-
ered media, for fixed forward and backward inputs, and mul-
tiple reflections �linear coupling� leads to output indetermi-
nation. We consider a single resonator in a similar
configuration as in Sec. III A ��0=�1=0.3j, L1=�R� with an
input field a0� and a control beam c2. We chose =�−�0
=0.58T ��B� in order to not observe tristability due to
higher-order resonances. The transmission curves in Fig. 11
are obtained with Iin= 1

2�0cn0�a0��
2, Id= 1

2�0cn2�b2�2 and differ-
ent values of Ic= 1

2�0cn2�c2�2.
Starting from Ic=0 �curve �a�� corresponding to a single

bistability cycle we can observe how an intermediate stable
branch �verifying dId /dIin�0; see Ref. �7�� with a lower
transmission than the initial one appears �curves �b� and �c��.
In the former case �Sec. III B, Fig. 9� the tristability is al-
ways obtained with I2

−� I1
−. Here, we can obtain switch in-

tensities such as I2
−� I1

−� I2
+� I1

+ �curve �c��; in this case, the
intermediate stable branch is never reached. The domain of
interest corresponds like in Fig. 9 to I1

−� I2
−� I2

+� I1
+ where

by decreasing the input power we can reach the intermediate
stable branch �curves �d� and �e��. Alternatively, by turning
off the control beam this hysteretic cycle disappears and we
recover the standard bistable hysteretic cycle �curve �a��. In
this case the transmission value reached on the intermediate
stable branch can be switched to the lowest value. This phe-
nomenon can be used as an optically reconfigurable memory
in photonic circuits.

FIG. 9. Transmission as a function of normalized input intensity
in the case of two resonators �mean radii R /2=15 �m with
�0=�2=0.3j and �1=0.36j� and a forward-propagating field.

FIG. 10. Switch intensities as a function of
the coupling coefficient ��1� for B��T

��3B�0.7T�. Solid lines correspond to I2
±

and open circles to I1
±. The gray area represents

the range of �1 where I2
+� I1

+.
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V. CONCLUSION

In conclusion we have developed a simple four-coupled-
mode nonlinear method based on the SVEA. Our approach
allows multistability in the presence of independent forward-
and backward-propagating fields to be described. We have
found a dispersive tristability condition in a single microring
resonator. After a study of general families of solutions for a
fixed detuning, we have shown how coupling between reso-
nators can be used to reduce the optical power required for
dispersive tristability. Finally we propose a method to opti-
cally control the multistable behavior of a single resonator.
On the contrary to a single microresonator covered by a
forward-propagating field, linear or nonlinear coupling be-
tween two fields could allow us to consider a higher Q factor

in order to decrease the tristability threshold intensity. Using
high Q factors would be necessarily associated with the
study of dynamic and transient regimes. This would be sub-
ject to further work. Our approach can be used to design a
realistic device by introducing effective propagation con-
stants �i

ef f for WGM’s, effective nonlinear indices taking into
account transverse profiles of the envelopes N2,i

ef f, and cou-
pling coefficients evaluated by numerical methods �12,16�.
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